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Abstract 

A set of natural numbers is primitive if no element of the set divides another. Erdos 
conjectured that if S is any primitive set, then 



where P denotes the set of primes. In this paper, we make progress towards this 
conjecture by restricting the setting to smaller sets of primes. Let 7 denote any subset 
of P, and let N(IP) denote the set of natural numbers all of whose prime factors are 
in J". We say that IP is Erdds-best among primitive subsets o/N(IP) if the inequality 



holds for every primitive set § contained in N(!P). We show that if the sum of the 
reciprocals of the elements of CP is small enough, then CP is Erdos-best among primitive 
subsets of N(J'). As an application, we prove that the set of twin primes exceeding 3 
is Erdos-best among the corresponding primitive sets. 

This problem turns out to be related to a similar problem involving multiplicative 
weights. For any real number t > 1, we say that CP is t-best among primitive subsets of 
N(CP) if the inequality 



holds for every primitive set S contained in N(CP). We show that if the sum on the 
right-hand side of this inequality is small enough, then CP is i-best among primitive 
subsets of N(a'). 
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1 Introduction 



A nonempty set of natural numbers is called primitive if no element of the set divides another 
(for later convenience, we stipulate that the singleton set {1} is not primitive). In 1935, 
Erdos [3] established the convergence of the sum of l/(n log n) over all elements n of a given 
primitive set; from this he deduced that the lower asymptotic density of a primitive set must 
equal (in contrast to the upper density, which can be positive, as shown by Besikovitch P]). 
Erdos actually proved that this sum of l/(r;,logn) is bounded by a universal constant: 

< oo. 



S primitive ^ n log n 



Noting that the set P of all primes is itself primitive and contains many small elements, 
Erdos proposed that the supremum on the left-hand side is attained when S = P. 

Conjecture 1 (Erdos). For any primitive set S, we have — ^ — . 

^-^ n log n ^-^ p log p 

nGS pGP ^ 

This conjecture is still open, although it has been established for primitive sets S with 
additional properties (see for example [7]). 

We consider a generalization of this problem, to primitive sets whose elements are re- 
stricted to have only certain prime factors. For a given set of primes CP, let N(CP) denote the 
set of natural numbers divisible only by primes in 7 (the multiplicative semigroup generated 
by y), that is, 

M(T) = {neN: p\n^pE?}. 
We say that CP is Erdos-best among primitive subsets o/N(CP) if the inequality 

^-^ n log n ^-^ p log p 

nGS pG? ^ 

holds for every primitive set § contained in N(CP). In this terminology. Conjecture [1] can 
be restated as the assertion that P is Erdos-best among primitive subsets of N. A similar 
heuristic, together with some computational evidence, leads us to generalize the conjecture 
of Erdos to these restricted sets. 

Conjecture 2. Any set oj primes CP is Erdos-best among primitive subsets o/N(CP). 

Our first result shows that this conjecture holds if the sum of the reciprocals of the 
elements of CP is small enough. 

Theorem 3. Let 7 be a set of primes such that 

1/2 



Then CP is Erdos-best among primitive subsets o/N(CP). 
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Remark. The square root on the right-hand side of the inequahty ([T]) is always well-defined, 
SpgyP"^ ^ SpGP^*"^ ^ ^- fs.ct, the latter sum can be precisely evaluated using the 
rapidly converging series 

V = [^^^ log ((2m) = 0.45224742 ■ ■ • . (2) 

m=l 



We conclude that if CP satisfies the inequality ([T]) then J2p&P ^ < 2, while if J^pevP ^ ^ 
1 + (1 - J2peFP'^Y^^ = 1-74010308 ■ ■ ■ then ? satisfies the inequality (PP). 

The following application of Theorem |3] is quickly derived in Section |2l 



Corollary 4. Let 7 denote the set of twin primes exceeding 3, that is, the set of all primes 
p > 3 for which p — 2 or p + 2 is also prime. Then 7 is Erdos-best among primitive subsets 
o/N(T). 

We find it amusing that we can identify the optimal primitive subset of N('J) without needing 
to determine whether that subset is finite or infinite! 

We can further generalize this problem by demanding that the integers in our sets have 
at least a certain number of prime factors. For every natural number fc, define 

nk = {nen:VL{n) = k} and = {n G N: fi(n) ^ fc}, 

where as usual Vt{n) denotes the number of prime factors of n counted with multiplicity; for 
example, Ni = P and N^i = N \ {1}. Note that each of the sets is itself a primitive set. 
One step towards a proof of Conjecture [1] would thus be to establish the natural conjecture 



E-r^>E-r^>E-r^ 

^plogp ^,^n\ogn „^^nlogn 



> 



but this is still an open problem: it was shown by Zhang [7] that the first sum over P is 
indeed larger than any of the other sums, but even this partial result is nontrivial. However, 
in the setting of restricted prime factors, we can establish the analogous chain of inequalities 
and in fact more. For any set 7 of primes, define 

Nfc(T) = N(y) n Nfc and N^fc(y) = N(T) n N^fc, 

so that we are now simultaneously restricting the allowable prime factors 7 and the minimum 
number of prime factors k. 

Theorem 5. Let 7 he a set of primes for which the inequality ([T]) holds. Then for every 
natural number k, the set Nfc(CP) is Erdos-best among primitive subsets ofH^ki'^)- 
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Manifestly, Theorem [3] is the special case = 1 of Theorem [51 Since Nfc(?') C N^j(J') for 
all k ^ j, Theorem O implies in particular that when CP is a set of primes satisfying the 
inequality ([T]), we have 



We do not formulate Theorem [5] simply for its own sake: our proof of Theorem [3] requires 
comparing sets containing elements with different numbers of prime factors, and the chain 
of inequalities (jS]) is a stable yardstick upon which these comparisons can be made. 

Finally, we modify the problem in yet a different way. Instead of counting an integer 
n with weight l/{n log n) in these sums, we may instead count it with weight n~* for some 
fixed real number t. We can establish an analogue of Theorem [5] for these weights as well. 
We say that Nfc(CP) is t-hest among primitive subsets ofN^kC^) if the inequality 



holds for every primitive set S contained in Njt(J'). 

Theorem 6. Let t > 1 be a real number, and let 7 be a set of primes satisfying the inequality 



Then for every natural number k, the set N/fc(CP) is t-best among primitive subsets o/N>fc(IP). 

In fact, it suffices to establish Theorem [6] when CP is finite, as we show in Section [2l 
It can be verified that the function 



pgP ^ peP ^ m=l ^ m=l ^ 



defined for t > 1, has a unique zero r = 1.1403659 • • • and is positive for t > t. Furthermore, 
by monotonicity, if the inequality (jl]) is satisfied for CP = P then it is satisfied for any set of 
primes. We therefore have the following corollary. 

Corollary 7. Ift > t, then any set of primes CP is t-best among all primitive subsets o/N(CP). 

This assertion does not necessarily hold for every t: in fact, if Ylp&P'^ diverges, then 
one can establish, using equation below, the existence of a number 5 (CP) > such that 
ZlpeyP"* < Z]ngN2(T) ^ between 1 and 1 + 6(7). 

These new weighted sums Yln€S much easier to handle than the original sums 

Snes l/(^logn), because n~* is a multiphcative function of n. However, Theorem [6] is not 
merely analogous to Theorem [5l in the next section we actually derive the latter from the 
former. Once Section [2] is done, the only remaining task is to prove Theorem [6], which we 
accomplish in Section [31 




(3) 
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2 Quick derivations 



In this section we give the three quick derivations described in the introduction: first we 
demonstrate that the infinite case of Theorem [3] follows from the finite case, then we deduce 
Theorem [5] (of which Theorem [3] is a special case) from Theorem [6], and finally we derive 
Corollary H] from Theorem [3l For convenience we introduce the notation 

nGS 

for any set S C N and any t > 1. 

Proof of Theorem\^ for infinite 7 , assuming Theorem\^ for finite 7 . Let t > 1 be a real 
number, let CP be an infinite set of primes satisfying the inequality (|4]), and let S be any prim- 
itive subset of we want to show that Sf(S) ^ Enumerate CP as CP = {pi,P2^ • • • }, 
and for each natural number n, let CP„ = {pi, . . . ,p„}. Also let = § nN(CP„), so that is 
a primitive subset of N(CP„). Note that the CP„ form a nested sequence of sets whose union 
is CP, and similarly for and S. 

Because the inequality (jl]) holds for CP, it also holds for each CP^ by monotonicity: 

S,(CP„) < Si(CP) ^ 1 + (1 - S2i(CP))'/' < 1 + (1 - S2t(CP„))'/'. 

Therefore we may apply Theorem [3] to the finite set CP„ for each natural number n, concluding 
that S((S„) ^ Zlt(CP„). Taking the limit as n tends to infinity (valid by the dominated 
convergence theorem, for example), we deduce that St(S) ^ ^^(CP) as desired. □ 

Lemma 8. Let XL he a subset of N, and let S* be a primitive subset of U. If S* is t-best 
among all primitive subsets of U for every t > 1, then S* is also Erdos-best among all 
primitive subsets ofli. 

Proof. If S is any primitive subset of U, then 

1 poo roo roo 

(The leftmost sum is finite by Erdos's result [3], and the interchange of integral and sum is 
justified because all terms are positive.) The hypothesis that S* is t-best among all primitive 
subsets of IX for every t > 1 means that St(S) ^ ^^(S*) for every t > 1. It follows that 

1 roo roo -i 

En — =/ s,(s)rft^/ s,(§*)rft = En — ' 

nGS to ^1 Ji ^gg* to 

as required. □ 
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Proof of Theorem assuming Theorem 0. If J" is a set of primes for which the inequahty ([T]) 
holds, then for any t > 1, 

Theorem |6] imphes that Nfc(CP) is t-best among primitive subsets of N^fe(T) for every natural 
number k and every t > 1. It follows from Lemma [8] that Na:(CP) is also Erdos-best among 
primitive subsets of N^fc(T). □ 

Proof of Corollary assuming Theorem O It suffices to verify that the inequality ([1]) is sat- 
isfied with the set T = {5, 7, 11, 13, . . .} consisting of twin primes exceeding 3. On one hand, 
if B is the Brun constant defined by 



p: p+2gP 



p P + 2J \3 5J \5 7J \11 13 



then the bound B < 2.347 has been given by Crandall and Pomerance [21 pp. 16-17] (for a 
proof, see Klyve [H Chapter 3]), and therefore 

J2p-^ = B-^-^<1.8U. (5) 
pel 

On the other hand, we have 

oc 

peT n=l 



(6n-l)2 (6n + l)2 



oo 



n=l 

oo 



V ( 1 1 



Qn{Qn — 3) 6n(6n + 3) 



y.1/^ \\ _ 1 

^ 9 yln - 1 2n + 1 / ~ 9 



(6) 



We conclude that 

/ ^\i/2 / \l/2 

^p"^ < 1.814 < 1.9428 < 1 + fl - -j <l+fl-^p"M , 

peT ^ ^ ^ pGT ^ 

and thus Theorem [3] can be applied to deduce that T is Erdos-best among primitive subsets 
ofN(T). □ 

Let T3 = 'JU{3} be the set of all twin primes, including 3. It can be shown that XlpGTs v 
is between 0.19725177 and 0.19725181. To show that Ts is Erdos-best among all primitive 
subsets of ^(Ta), it therefore suffices to establish the unconditional bound B < 2.0959621 on 
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the Brun constant. The true value of Brun's constant is beheved to be S = 1.90216 • • • (see 
for example Sebah and Demichel [B]), and if this is the case, then it follows from Theorem [3] 
that is indeed Erdos-best. Regrettably, the value B = 1.90216 ■ ■ ■ is quoted in several 
places in the literature in a manner that suggests it has been rigorously established, but at 
the present time no bound better than B < 2.347 is known unconditionally. 



3 Proof of Theorem 6 



We now turn to the sole remaining task, namely, establishing Theorem [6] when the set of 
primes 7 is finite; we accomplish this task with the more detailed Proposition [11] stated 
below. As before, N(1P) denotes the set of natural numbers all of whose prime factors lie 
in CP. We recall the previously defined notation 

Nk = {n eN: Q{n) = k} and N^k = {n E N : Q{n) ^ k} 

(with No = {1}), as well as 

Nfe(T) = N(y) n Nk and N^fe(y) = N(T) n N^fc. 

We also recall the notation S((S) = Xlnes'^ * f*-*^ ^ °f natural numbers. 

Lemma 9. Let t > 1 be a real number, and let 7 be a finite set of primes. Suppose that 

(i) for every proper subset Q of 7 and for every k E N, the primitive set Nfc(Q) is t-best 
among all primitive subsets o/N^fc(Q); 

(ii) the inequality Si(Nfc(y)) ^ Si(Nfc+i(y)) holds for all keN. 

Then Nfc(CP) itself is t-best among all primitive subsets ofN;>k{7), for every k eN. 

Proof. Fix fc e N, and let S be a primitive subset of N^fc(CP); we need to show that St(S) ^ 
St(Nfc(y)). Define 

i = mm{Q{n) : n E S} 

(so that £ ^ k), and fix a number s G S with f2(s) = i. We proceed to partition both N^(J') 
and S according to the greatest common divisor of their elements with s. 
Let d denote any divisor of s. Notice that 

{n e Ne{7) : (n, s) = d} = d ■ {m e ^^,(7) H N: (m, f ) = l} = ■ Ne-nid)iQd), 

where is the set of primes in 7 that do not divide s/d; note that is a proper subset of 
7 when d ^ s. We define 

Srf = i{neS: (n,s) = 4 = {mG iSnN: (m, f ) = l}. 
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noting that is a primitive subset of N^i^Q(^d){Qd)- With this notation, the sets N£(CP) and 
S can be decomposed as the disjoint unions 



= |Jrf-N,_f,(,)(Q,) and S = |Jrf-S,. 

d\s d\s 

Therefore 

d\s 



^t/-*(Ei(N,_f,(,)(Q,)) - Si(S,)), (7) 



d\s 

since N£_q(^)(QJ = = {1}. 

However, is a proper subset of CP when ci is a proper divisor of s, and so hypothesis (z) 
tells us that N^-n(d)(Qd) is t-best among primitive subsets of N^£„n(d)(Qd)- In particular, 
Sd is a primitive subset of N^£_o(d)(Qd), and so T.t{^d) ^ St(N^_Q(d)(Qd)) for every proper 
divisor d of s. Consequently, equation ([7j) demonstrates that S((S) ^ E((N£(y)). Finally, 
since i ^ k, hypothesis (ii) tells us that S((N£(CP)) ^ St(Nfe(CP)); thus we have derived the 
required inequality St(S) ^ St(Nfc(CP)). □ 

The proof of Proposition [TT] relies upon one remaining statement, which has an elegant 
proof from the field of algebraic combinatorics. For every natural numbers k and m, define 
the polynomial 

Lemma 10. Let {xi, . . . , Xm) be an m-tuple of nonnegative real numbers. Ifhi{xi, . . . , Xm) ^ 
h2{xi, . . . , Xm), then hk{xi, . . . , Xm) ^ hk+i{xi, . . . , Xm) for all k eN. 

Proof. For ease of notation, we suppress the dependence of the polynomials /i^ on the quan- 
tities Xi, . . . , Xm- For any G N, the Jacobi-Trudi identity tells us that the determinant 

( t!^^^ h^'' I = ^k+i - hkhk+2 
\nk+2 rik+i J 

is equal to the Schur function s\ corresponding to the partition A = (A; + 1,A; + 1); see, 
for example, Macdonald ^ Ch. I, §3, Eq. (4.3)]. Since the monomials comprising sx have 
nonnegative coefficients (and we are evaluating at nonnegative real numbers 
this determinant is nonnegative, which implies that hk/h^+i ^ hk+i/hk+2 for each A; G N. 
However, our assumption is that 1 ^ hi/h2, and therefore 1 ^ hk/hk+i for all G N, as 
required. □ 

Proposition 11. Let t > 1 be a real number, and let 7 be a finite set of primes satisfying 
the inequality St(CP) ^ 1 + a/1 — S2t(lP). Then 
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(i) for every proper subset Q of 7 and for every A; G N, the primitive set Nfc(Q) is t-best 
among all primitive subsets ofN^k{Q),' 

(ii) the inequality £^(^^(7)) ^ Si(Nfc+i(y)) holds for all k G N; 

{Hi) the primitive setNk{7) is t-best among all primitive subsets o/N^fc(y), for every A; G N. 

Remark. Note that the inequahty Tit{7) ^ 1 + a/1 — Tj2t{7') is exactly the same as the 
hypothesis (jl]) of Theorem |6l while conclusion {Hi) is the same as the conclusion of that 
theorem; hence this proposition implies Theorem [6l Note also that conclusions {i) and 
{ii) are the same as the hypotheses of Lemma while conclusion {Hi) is the same as the 
conclusion of that lemma. We feel that this redundancy makes clearer the structure of this 
proposition's proof. 

Proof. We proceed by induction on the cardinahty #CP. Suppose first that #T = 1, so that 
CP = {p} for some prime p. Conclusion {i) holds vacuously. Clearly Nfc(CP) = {p''} and 
^^fc+i(3^) = {p^^^}; from which it follows that 

for all G N, establishing conclusion {ii). Finally, since CP satisfies both {i) and {ii), LemmalH] 
tells us that 7 satisfies conclusion {Hi) as well. 

Now suppose that #CP > 1. First, let Q be any proper subset of CP. Since #Q < #CP, the 
induction hypothesis is that the proposition holds for Q; in particular, conclusion {Hi) holds 
for Q. Thus conclusion {i) holds for CP. 

Turning now to {H), we begin by treating the case k = 1, which requires us to establish 
the inequality ^ (1^2(7)). Note that 

^t{7)' = (E^^*)' = 2 E - = 2S*(N2(y)) - (9) 

Q(n)=2 

The inequality St(CP) ^ S((N2(CP)) is therefore equivalent to 

Si(T)2-2Si(cp) + S2t(y) ^0, 

which holds if and only if 

1 - - S2i(T) ^ ^ 1 + ^\-Y.2t{7). 

The second inequality is exactly the condition we have placed on CP, and so it remains only to 
prove the first inequality. First, note that < ^24 (CP) < S2(CP) ^ S2(P) < 1 by equation ([2]); 
therefore 1 — S2t(CP) ^ ■>/! — S2t(CP). Consequently, 

1 - Vi-S2t(y) ^ S2t(y) = Y.v-^' < = ^*(^)' 
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as required. 

This argument establishes conclusion [ii) in the case k = 1. However, if we write CP = 
{pi,... ,Pm}, note that 

using the notation ([H]). We have just shown that . . . ,Pm) ^ ^2(pr*) ■ • ■ jPrn)y ^.nd so 

Lemma [TO] imples that h^ipi^ , ■ ■ ■ ,Pm) ^ ^fc+i(pr*5 • • • yPm) G N, which estabhshes 

conclusion {ii) in full. Finally, since CP satisfies both (i) and (ii), Lemma [9] tells us that CP 
satisfies conclusion (Hi) as well, which completes the proof of the proposition. □ 

Acknowledgements. The authors thank David Speyer for suggesting the proof of Lemma fTOl 
This work began during visits by the authors to Brigham Young University, whose hospitality 
and support are gratefully acknowledged. 

References 

[1] A. S. Besicovitch, 'On the density of certain sequences of integers,' Math. Ann. 110 
(1934), 336-341. 

[2] R. Crandall and C. Pomerance, Prime numbers: a computational perspective. Second 
edition. Springer, New York, 2005. 

[3] P. Erdos, 'Note on sequences of integers no one of which is divisible by any other,' J. 
London Math. Soc. 10 (1935), 3-27. 

[4] D. Klyve, Explicit Bounds on Twin Primes and Brun's Constant. Ph.D. thesis, Dart- 
mouth College, Hanover NH, 2007. 

[5] I. G. Macdonald, Symmetric functions and Hall polynomials. Second edition. Oxford 
Mathematical Monographs. The Clarendon Press, Oxford University Press, New York, 
1995. 

[6] P. Sebah and X. Gourdon, 'Introduction to twin primes and Brun's constant computa- 
tion,' reported online at 

http : //numbers . computation . free . f r/ Constants/ constants . html 

[7] Z. Zhang, 'On a problem of Erdos concerning primitive sequences,' Math. Comp. 60 
(1993), 827-834. 



10 



